Abstract. In this paper, we study the arithmetic properties of orders in a quaternion algebra over a dyadic local field and we find the mass formula of orders.
Introduction
A primitive order in a quaternion algebra over a number field F is an order which contains the ring of integers in a quadratic extension field of F . Locally, there are two types of quaternion algebras over a local field k, i.e., a division algebra and a 2× 2 matrix algebra. In these quaternion algebras over a local field, primitive orders can be classified into three types. Namely, an order in a quaternion division algebra which contains the ring of integers of a quadratic extension field of k is called primitive. In a 2 × 2 matrix algebra, there are two types of primitive orders. One is an order which contains O × O where O is the ring of integers in k and the other is an order which contains the ring of integers of a quadratic extension field of k.
Primitive orders in 2 × 2 matrix algebra which contain O × O where O is the ring of integers were studied by Hijikata [4] . Primitive orders in a division algebra, so called "special orders", were studied by Hijikata, Pizer and Shemanske [5] . The remaining type of primitive orders was studied by Brezinski only on a nondyadic local field [2] .
In this paper, we will study the arithmetic properties of third type of orders and compute the Mass formula of the primitive orders in a 2 × 2 matrix algebra containing the ring of integers of a quadratic extension field of a dyadic local field k, which is the remaining type of primitive orders not studied by Brezinski.
Preliminaries
Throughout this paper, we assume that k is a dyadic local field. In this section we summarize the arithmetic theory of dyadic local fields . Let O = O k denote the ring of integers in k, P = P k the maximal ideal of O. By ∆(α), we denote the discriminant of α.
where Tr and N are the trace and norm of L over k where L is a quadratic extension field of k. If Γ is an O algebra of rank 2 contained in L, then Γ = O + Ox and the discriminant of Γ is
where U is the set of all units in O.
Then we consider the set of all possible discriminants, (O 2 − 4O)/U 2 .
Note that ∆ * σ = φ only if σ = 2ρ, 0 ≤ ρ ≤ e, or σ = 2e + 1 where e = ord k (2) . Let
. Γ is a maximal order of a quadratic extension field of k if and only if ∆(Γ) ∈ ∆ * . If e > 0 and 1 ≤ ρ ≤ e,
There is a bijective correspondence between the elements of ∆ * and quadratic extension fields of k given by ∆(Γ) → Γ ⊗ O for ∆(Γ) an element of ∆ * .
Lemma 2.1. Let U be the set of all units in O and e > 0. Then
Thus we can classify all quadratic extension fields of a dyadic local field k as follows: ∆ * 0 contains one point which corresponds to a unique unramified quadratic extension of k and
Remark. Note that if L is an unramified extension field of k, then t = −1. On the other hand, if L is a ramified extension field of a field k, then t ≥ 0. Furthermore, if k is a dyadic local field, then 0 < t ≤ 2e by 2.3 and 1.3 in [5] .
Orders in quaternion algebra
Let A be a quaternion algebra which is split over a dyadic local field k (i.e. A is isomorphic to 2 × 2 matrix algebra over k). and let L be a quadratic extension field of k contained in A. Then there exists an element ξ in A × such that A = L + ξL and xξ = ξx for all x ∈ L. To see this clearly, we can identify A with 
An order of a quaternion algebra A is a lattice in A which is also a subring containing the identity. 
for some nonnegative integer n and t = t(L).
. The other direction of the proof is trivial.
Corollary 3.2. Let the notations be as above and e = ord k (2). If L is a ramified extension field of k,
We now need new notations of orders for the next step.
Definition 3. Let L be a quadratic extension field of k and O L its ring of integers. Then
Remark. If L is unramified, then the index n of R n (L) is always an even number.
Lemma 3.3. Let the notations be as above. Then
Proof. This is immediate from Definition 3.
Proposition 3.4. Let L be a ramified quadratic extension field of k
Theorem 3.5. Let the notations be as above and
There are three cases to be classified.
(
By Proposition 3.4 and 2.2 in p.65 of [4] and direct computations, 
